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To design bonded structures efficiently, the "in situ" mechanical properties of the adhesive
must be known. Yet, the difficulty associated with accurately measuring the subject
mechanical properties in tension and tension plus shear has plagued the engineering
community for years. This paper presents a detailed analysis which for the first time
accounts for adherend elasticity of two test specimen geometries that may be used to
obtain the desired adhesive properties, namely a rectangular and circular scarf (butt)
joint. To obtain accurate properties, an optimum specimen geometry must be defined.
This optimum geometry is defined by the ratio (aspect ratio) of span (2a) vs. adhesive
thickness (2) for the rectangular geometry and by the diameter (2r) vs. adhesive thickness
ratio for the circular geometry. In both instances, an aspect ratio of forty or larger is
required to obtain a nearly uniform adhesive tensile and/or shear stress magnitude over
90-95% of the adhesive cross section, thereby minimizing the free edge effect. Such a
geometry is mandatory if meaningful adhesive property data are to be obtained for design
purposes.

INTRODUCTION

It has been the usual practice to utilize the bulk mechanical properties of
adhesives in the analysis and design of metal or non-metal bonded joints.
This is erroneous as the adhesive system in most structural joints is of the
order of thousandths of an inch in thickness. Moreover, Zabora et ah,1 and
Hughes and Rutherford2 point out that thin film adhesive properties are, in
general, significantly different than those of the bulk adhesive. This is
especially true in relation to the surface chemistry at the adhesive-adherend
interface (adhesive-air interface for bulk specimens), the residual strains
"locked in" a bonded joint during an elevated temperature cure and the
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140 W. J. RENTON

constraining Poisson's effect of the stiffer adherend on the relatively soft
adhesive (tension mode).

Various specimens have been looked at in an attempt to obtain the tensile
and/or biaxial properties of adhesives. Bulk tensile specimens3"5 have included
the dog bone, bulk thin-walled tube and bulk solid rod. The latter two speci-
mens suffer from fabrication difficulties and a relatively high cost per speci-
men. All three specimens, while providing quantitative results, are unable to
duplicate the adhesive-adherend factors detailed above.

The scarf joint and napkin-ring test specimens1' 2> 7"21 can alleviate these
problems and provide a controllable biaxial (i.e., tension plus shear) stress
state within the thin adhesive bondline. Most recently, the napkin-ring
specimen has been used to obtain shear and tensile properties'.2'14> 16> 22

The specimen itself suffers from being difficult to fabricate to prescribed
adhesive thicknesses. Additionally, the cost per test item is quite high,
inspectability using non-destructive (NDI) means is difficult and control of
the biaxial load into the specimen requires extreme care.

An alternate approach, namely the scarf joint, has been proposed17'1S as
a viable specimen with which to obtain the effective thin film tensile or
biaxial properties of adhesives. While being relatively easy to fabricate,23 and
of modest cost,4 it too suffers somewhat from a bondline inspectability
problem. However, newer NDI techniques, namely Neutron Radiography,
offer a realistic approach to resolving this problem.23 Therefore, this speci-
men can provide data that are readily usable in today's numerous analysis
methods that determine stresses and deformations in both the adhesive and
adherends of bonded joints. Further, the trends associated with cogent vari-
ables such as adhesive thickness, surface roughness, temperature, moisture
and strain rate can be obtained through consistent use of this test specimen.

This paper looks in depth at the proposed scarf (butt) joint test specimen
in an attempt to analytically justify its usefulness in obtaining realistic
adhesive tensile and biaxial properties. In doing this, an analytical model has
been formulated which accounts for the adherends' elasticity and serves to
define the geometrical constraints within which realistic static and visco-
elastic adhesive mechanical property data can be obtained. Moreover,
verification of the analytical model's correctness is shown for the limiting
condition of infinitely rigid adherends, and the parameters that are most
influential in the design of an optimum test specimen are specified.

ANALYTICAL APPROACH

Examination, in a realistic manner, of the stress (strain) state in an adhesively
bonded scarf (butt) joint configuration, requires that a specific closed form
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ADHESIVE JOINT TEST SPECIMENS 141

analytical model be derived. The analysis presented enables one to determine
the optimum specimen dimensions to maximize the uniform stress (strain)
region in the adhesive, thereby minimizing disruptive edge effects for a
particular test geometry. Employing these optimal test specimens, one may
obtain accurate adhesive mechanical property data and account for the fact
that the apparent adhesive modulus measured during an actual test is a known
percentage of the true uniaxial adhesive modulus. This relationship is a
function of adhesive and adherend properties and specimen geometry. The
mechanical property data obtained using these specimens will be the subject
of a future paper.

Several attempts to analyze the scarf17 or butt3' 25> 26> 28 joint have been
made. In all instances, the constraining effect of the stiffer adherend material
on the adhesive and the viscoelastic nature of the adhesive were neglected.
The ensuing analysis accounts for finite adherend properties and uses as a
starting point the analytical model developed in Ref. 3. Both the circular and
rectangular scarf joint geometries are looked at. Once the stresses (strains)
in the rectangular (circular) scarf joint are defined, it is a simple matter to
obtain the stresses (strains) in the butt joint.

A rigorously correct mathematical model for the scarf (butt) joint con-
figuration leads to a mixed boundary value problem that is essentially
intractable using a classical elasticity approach. This is primarily due to the
discontinuous boundary condition the joint presents at the right angled
corner where the adherend surface is appreciably stiffer than the adhesive
while the adhesive's surface is free of stress. The ensuing stress singularity is
not accounted for within the analysis. Its effect can be quantified using the
analytical approach found in Ref. 3. Moreover, its degree of penetration
from the adhesive's free surface inward is a function of the specimen's shear
modulus and Poisson's ratio. A realistic specimen design (a > >;) will restrict
the effect of this singularity to within one to two adhesive thicknesses from
the adhesive's free surface.

FORMULATION OF THE PROBLEM
(RECTANGULAR GEOMETRY)

The rectangular scarf joint geometry and notation are shown in Figure la.
The joint is assumed to be infinitely long in the z-direction (i.e., L/a > 1)
and is therefore considered to be in a generalized plane strain state. Linear
elastic analysis is used with the inclusion of linear viscoelastic effects by
means of the "quasi-elastic" approach. The adherend material is assumed
to be linearly elastic, isotropic and homogeneous. Its effect on the adhesive
is realized through use of the adherend displacement boundary conditions,

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
4
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



142 W. J. RENTON

while the adhesive is characterized in a linearly viscoelastic manner. It too
is assumed to be isotropic and homogeneous. Additional assumptions are
that the bond between the adhesive and the adherend is structurally sound,
the stresses and displacements vary over the adhesive thickness in a pre-
scribed manner, that adhesive planes originally parallel to the adherend
interface remain parallel upon loading and that the adhesive-adherend dis-
continuity effect is defined by the unknown function/(s).

The adhesive's geometry and notation are shown in Figure lb. The
adhesive half-thickness is taken as unity for simplicity, but without loss of
generality.

The adhesive slab is bonded to the two deformable adherends at // = + 1 .
The adhesive is loaded in the ^-direction by a load (P sin 0) which increases
the adhesive thickness by 2e and a shear load (PcosO). It is desired to
determine the state of stress (strain) in the adhesive for this system of external
forces.

— ELASTIC, ISOTROPIC ADIIFREHDS

LINEARLY VISCOELASTIC,
ISOTROriC ADHESIVE

1, V

(a) (b)
FIGURE 1 Rectangular scarf joint geometry.

ELASTIC ADHEREND BOUNDARY CONDITIONS

The displacement boundary conditions at the adhesive-adherend interface
can be ascertained by determining the displacements in a solid homogeneous
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ADHESIVE JOINT TEST SPECIMENS 143

linearly elastic, isotropic bar when subjected to a uniform axial tensile stress
(GX) over its cross-section. The resulting displacements and strains are:

axxu = -g- v =

8u

"dx"'
—far.

(1)

'• = const.; ?_ = %, = %. = 0 (2)

The constants v and £, are the Poisson's ratio and Young's modulus of the
adherend material while, u, v, and w are the displacements in the x, y and z
directions, respectively. The constants Cu C3 and C4 define the reference
location with respect to the coordinates origin from which all deformation
measurements are made. Cu C3 and C4 will be equated to zero.

Lubkin17 has shown that relative rotation between identical adherends
pin loaded at points (A) and (B) is absent. However, it can be shown that
the specimen as a whole rotates in the (x-y) plane and that this rotation is
given by the (C2) term in Eq. (1). The rotation it refers to is depicted in
Figure 2 and is independent of cross-sectional geometry. It can be directly
determined by measuring the rotation of a vertical side of the specimen with
a high resolution optical measurement device as the specimen is loaded.
Alternately, the rotation can be obtained by measuring the specimen's dis-
placement parallel ([/) and perpendicular (V) to the adhesive-adherend
interface and using the relationship:

F c o s 0 - [ / s i n 0

(a) unloaded (b) loaded

FIGURE 2 Rotation of a typical scarf joint.
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144 \V. J. RENTON

Moreover, it can be shown, by the use of symmetry arguments, that there
is no horizontal movement of the center point (C) and that the deformation
across the adhesive thickness from right to left is symmetric. Therefore, the
rotation of the upper and lower adherends (C2) must be in the same direction
and does occur about pins (A) and (B).

Let 0 and 9 be the adherend displacements in the (s) and (»/) directions,
respectively. Then per the well-known transformation of axes formulas:

0 = ti cos 0+vs'm 0
9 = Dcos0-Hsin0 (3)

Similarly, the coordinate transformation from the (x-y) to the (s,»/) axes is:
x = scos 0—i] sin 0
y = ss'm 0+t] cos 0 (4)

Substitution of Eq. (1) into Eq. (3) and employing the coordinate trans-
formation relations [Eq. (4)], provides the formulas for the adherend dis-
placement functions with reference to the (s, >/) axes, namely:

0 = As+Bi}; 9= Ptj-Ds (5,6)
where:

A = 5(cos2 0-0 sin2 0); D = §(1 +0) sin 0 cos 0 + C2 (7)
E h

B = - J ( i +{>) sin 0 cos 0+C2; /? = ^ s i n 2 0-v cos2 0) (8,9)

Because the adhesive is constrained by the stiffer adherend at the adhesive-
adherend interface, the displacement relations must satisfy Eq. (5, 6) at
// = +1 for a continuous interface to exist. Therefore, the boundary con-
ditions to be satisfied at)/ = ±1 are:

0 = As±B; 9=±P-Ds (10,11)

ADHESIVE STRESS ANALYSIS

Based on earlier work,3- 25> 2 6 the displacement functions for the adhesive
in the (s), (i/) and (z) directions, respectively, are assumed to be:

U= -/(sXl-ift+As+Bi] (12)
and

V=£>]-Ds; w = Tz (13,14)
where:

The terms A, B, and D are defined by Eq. (7 and 8).
The function/(j) is to be determined by employing the stress equilibrium

relations. It relates directly to the deformed shape of the adhesive when

D
o
w
n
l
o
a
d
e
d
 
A
t
:
 
1
6
:
4
2
 
2
2
 
J
a
n
u
a
r
y
 
2
0
1
1



ADHESIVE JOINT TEST SPECIMENS 145

constrained by the adherends under load for reasonable aspect ratios. The
assumed forms for the displacements U and V, satisfy the boundary con-
ditions, namely Eqs. (10) and (11) provided e = /? at the adhesive-adherend
interface. The displacements provide the normal strain relations

£s = d-^= -f'(l-'f)+A; 6, = ^ = e (16,17)

e : ^ = r; 7, = ^ + £ = 2 / , + A (18,19)

where
R = (B-D) and f' = df/ds.

The stress equilibrium equations are satisfied on an average basis by their
integration across the adhesive thickness. For the ^-direction the ensuing
plane strain relation is

»/ = 0 (20)

Symmetry considerations require that as and an be even functions of (»/)
and that xns be an odd function of (»/). Furthermore, the average normal
stresses will be denoted by

7 s = i M>/; an = $\ (21)

With this definition Eq. (20) reduces to
ds* . .i

. * • — - * = 0 ( 2 2 )

Similarly, the stress equilibrium relation in the j;-direction,

'/ = 0 (23)

is identically satisfied by symmetry considerations.
The averaged stresses ds and an are obtained by substituting Eqs. (16-18)

into the stress-strain relations and integrating over the adhesive thickness
per Eq. (21). The ensuing averaged stress relations are:

fi

,, = -^+*G)f'+(A+c+r)?.+2GA (24)Jo

;.v+2Ge,] d)] = - f/'A+(A+B+T)).+2Ge (25)

• — \ Ax f*%£\

s+a.) w- (26)
and;
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146 W. J. RENTON

T,, = Gyns = G(2fn+K) (27)

The governing differential equation whereby a solution to f(s) is obtained,
is formulated through substitution of Eqs. (19, 24 and 27) into Eq. (22).
The ensuing governing differential equation is:

/"-M/=0; (28)

The governing differential equation is a second order ordinary differential
equation with constant coefficients. Since the shear stress rns is an odd
function of (>/) the desired solution is:

f(s) = Ksmh^Ms) (30)

The unknown constant (K) is determined by the physical requirement that

ffs(a/sin 0) = 0. (31)

The resulting relationship is:

K = (A+s + r)X+2GA
(f A+§G)VM cosh (^/Ma/sin 0)

Substitution of Eqs. (30) and (32) into the various adhesive deformation,
(Eqs. 12-14) strain (Eqs. 16-19) and stress (Eqs. 24-27) relations gives the
final form for these relations.

FORMULATION OF THE PROBLEM (CIRCULAR GEOMETRY)

The circular scarf joint geometry and the candidate notation (s, rj, $) are
shown in Figure 3. Except for deletion of the plane strain condition, all
assumptions are identical to that for the rectangular scarf joint. The adhesive
disk is bonded between two deformable adherends at ij = ±1 and is two
units thick. The disk is loaded in the ^-direction by a load (P sin 0) which
increases the adhesive thickness by 2s and a shear load of (P cos 0).

ADHESIVE STRESS ANALYSIS

The displacement boundary conditions at the adhesive-adherend interface
are ascertained in a manner analogous to that for the rectangular geometry.
Thus at jj = +1, Eqs. (10) and (11) are valid. Moreover, Eq. (31) must also
be satisfied.

The displacement functions for the adhesive in the (s), (Tj) and ($>) directions
are identical in form to those defining U and Fin Eqs. (12-13). The strains
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ADHESIVE JOINT TEST SPECIMENS 147

corresponding to these displacements are identical to those denned in
Eqs. (16, 17 and 19) for es, en and yns, respectively. Moreover,

(33)
s s

The resulting averaged stress relations are:

ds = K-$Gf'+2GA

J

where

d, = K-$GJ-+2GA
s

of, = K+2Ge

= -y(i+A+l{2A+it)\s J

(34)

(35)

(36)

(37)

FIGURE 3 Circular scarf joint geometry.

The stress-equilibrium equations can be satisfied on an average basis by
integration over the adhesive thickness. Integration of the equilibrium
equation for the radial direction with respect to the //-direction will determine
/(s) and the equation itself must vanish based on cylindrical coordinate
equilibrium considerations. Thus:

(38)

using the averaged stress definitions for a* and o .̂ The governing differential
equation, obtained is:

= 0 (39)
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148 W. J. RENTON

where T^ is an odd function of ij due to symmetry about the fj = 0 plane.
The equilibrium equation for the indirection is satisfied identically.

Equation (39) is a modified Bessel Equation of order one. A complete
solution is of the form

(40)

where I^s^/M) is a modified Bessel function of the first kind and k^s^/M)
is a modified Bessel function of the second kind.

As s -> 0, U must be finite. This specifies that f(s) be finite. Therefore
E = 0.

The constant A is determined using Eq. (31). Thus:

Again, the final form for the various adhesive deformation, strain and stress
relations is obtained using Eqs. (40) and (41) in an identical manner to that
specified for the rectangular geometry.

BUTT JOINT ANALYSIS

For the limiting case whereby 0 = 90°, the solution for the butt joint is
realized from the scarf joint analysis. The sole analytical difference is that
the in-plane shear term previously identified by (R) -> 0 as 0 approaches 90°.
Therefore, the resulting shear strain is

yns = 2j/.Ksinh(.sN/Af) (rectangular geometry) (42)

y^-s = 2jji4/1(sN/A/) (circular geometry) (43)

This strain is a direct result of the material property discontinuity which
exists at the adhesive-adherend interface. This readily substantiates that the
scarf joint is nothing more than a butt joint with a transverse in-plane shear
being superimposed on the adhesive.

VERIFICATION OF ANALYTICAL MODEL

The analytical accuracy of the present analysis, for the limiting case whereby
the adherend modulus approaches infinity, has been verified by comparing it
with the finite difference results of Ref. 3 (Figure 4). In turn, the results of
Ref. 3 have been verified by the experimental data of Ref. 25 and by the
energy methods approach of Ref. 26 and 28.
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ADHESIVE JOINT TEST SPECIMENS 149

A singularity's region of influence is generally small compared to the
distance to the nearest boundary. The region dominated by the stress
singularity in Figure 4 and Ref. 3 is shown to be less than one adhesive
thickness for the case of infinitely rigid adherends. While no appreciable
growth in the region the singularity influences is anticipated, a numerical
solution to evaluate the impact of the singularity for a finite adherend
modulus is recommended.

Ee

o n = 1)

6 ~

3 -

o

^ — <

Reference

Analytical

, i

(3) Data

Solution

v = 0.4975

n

= 0.

/

1 o

0.2 O.k 0 .6 0 .8 1.0

n_
EE

v = 0.11975

FIGURE 4 Comparison of axial stresses obtained from the two difierent methods of
solution for circular geometry (a = 10, 8 — 90').

OPTIMALLY DESIGNED TEST SPECIMENS

Employing the analytical methodology developed in the previous section, a
parametric study was undertaken to ascertain the optimum geometry for
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150 \V. J. RENTON

adhesive scarf and butt joint test specimens, whereby a uniform adhesive
tensile and shear stress state (scarf joint only) exist over as large a segment
of the half-span (a) as is practicable. This is accomplished by minimizing
the adhesive-adherend discontinuity effect defined by/(.s) or/(s). Figures 5-7

u.oo

3.50

3.00

2.50

2.00

1.50

1.00

.50

v - .450

ADHESIVE TENSILE
MODULUS EFFECT

IN ICREASING (a)
INIHIZES
DGE EFFECT

IDxIO3 S_Eft S I O X I O 5

« = .300
3

For Circular Geometry - (r/a) sin(e)
0 = 45°

.20 .40

(s/a) sin(e)

.60
*

.80 1.0

FIGURE 5 Primary normal stress distribution in rectangular or circular scarf (butt)
joints U = 1.0) aspect ratio (10 < a < 100).
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ADHESIVE JOINT TEST SPECIMENS 151

determined from Eqs. (24-27 and 34-36) reveal that a uniform stress state
can exist over 90-95% of (a). From such specimens, realistic "in situ"
adhesive mechanical properties can be obtained. Moreover, Figures 5-7

t> <

3.50 r

3.00 -

2.50

2.00

1.50

1.00

.50

a = 100, EA = 10x10-*

ADHESIVE TENSILE
\) = .<(50 f~ MODULUS EFFECT71

,— a = 100, E. = 10x10

/ A

10x1010. Ea

For Circular Geometry - (r/a)si

10 s a s 100

IOXIO 3 « E. * lOxlO5

\), = .300

INCREASING (a)
MINIMIZES EDGE
EFFECT

.20 .60 .80

(s/a) sin (8)"

1.0

FIGURE 6 Shear stress distribution at adhesive-adherent interface in rectangular
(circular) scarf (butt) joints (* = 1.0; lOxlO3 < EA < 10x 105).

reveal that the pertinent variables are aspect ratio (a), the tensile modulus of
the adhesive and the adherend (EA and E) and the Poisson's ratio (vfl) of the
adhesive. The data are normalized with respect to the adhesive's Young's
modulus (EA) and the displacement (e) normal to the bondline.
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152 \V. J. RENTON

Inspection of the figures reveals that it is the aspect ratio in combination
with the Poisson's ratio of the adhesive which influences the spanwise uni-
formity (edge effect) of adhesive tensile and shear stresses. This edge effect
is especially severe as the magnitude of the adhesive's Poisson's ratio
approaches \. Additionally, the ratio of the adherend to the adhesive pro-
perties combine with the aspect ratio to dictate the magnitude of the normal
and shear stresses in the adhesive for a given applied strain. In the limit case
(E — EA) one attains the solution for a homogeneous, isotropic bar.

2.00 r

1.60

1.20

.80

.1(0

a = 10

For Circular Geometry - (r/a) sin(e)
8 - 1*5° INCREASING (a)

MINIMIZES EDGE
EFFECT

.20 A0 .60

(s/a) sin(9)*

.80 1.0

FIGURE 7 Shear stress distribution at adhesive-adherent interface in rectangular
scarf (butt) joints, (E = 1.0) aspect ratio (10 < a < 100).

In summary, by careful selection of the test specimen geometry one can
obtain a near uniform triaxial stress state and impart to the adhesive a con-
trolled shear stress. An aspect ratio of forty (up to 100 if the Poisson's ratio
of the adhesive is ^ 0.480) is suggested to maintain the edge effect to within
one or two adhesive thicknesses of the adhesive's free surface. As the
mechanical properties obtained are average properties of the adhesive con-
strained between the much stiffer elastic adherends, this minor edge effect
should not appreciably effect the test results. Thus, the uniformity of the
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ADHESIVE JOINT TEST SPECIMENS 153

stress distribution over the bonded surface will enable one to obtain the
mechanical linear and nonlinear viscoelastic response effects typical of
adhesives at elevated load, temperature and moisture levels.

VISCOELASTIC EFFECTS

Under sufficiently high strain rates and/or elevated temperature and relative
humidity levels, most adhesives will exhibit a viscoelastic response. The
applicability of the scarf (butt) joint to attain meaningful viscoelastic response
characteristics is possible by selection of a joint geometry within which the
adhesive sees an approximately uniform stress state. Routine data reduction
techniques24' 2 9 are then used to obtain useful design data. This data can
easily be used in conjunction with various viscoelastic analytical techniques
to design "real structure". One such method is the "quasi-elastic" method,
in which at time (t) the elastic moduli are replaced by corresponding visco-
elastic relaxation moduli, resulting in the determination of the time dependent
adhesive stress response of the component.

SUMMARY

An analytical methodology has been presented and its accuracy verified for
the stress (strain) state in a thin adhesive layer bonded between linearly
elastic adherends. Circular and rectangular geometries were analyzed for
both scarf and butt joint configurations. Results presented point out the
sensitivity of the adhesive stresses magnitude and spanwise uniformity to
the geometrical dimensions of the test specimen and the adhesive and
adherend's mechanical properties. The viscoelastic response of the adhesive
can also be obtained using these properly designed scarf (butt) joint specimens.
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a
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E
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of Symbols

B, B, D, K
= 1 -s-4)

Specimen's half span (radius)
Constants
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L Rectangular specimen's depth
P Applied load
r Radial coordinate of circular geometry
s, 1) Rectangular coordinates parallel and perpendicular to adhesive bondline
s, i?, <£ Cylindrical coordinates parallel, perpendicular and in the plane of the

adhesive bondline
-Y, y, z Rectangular coordinate system
u, v, w Adherend displacements in x, y and z directions respectively
U, V Adhesive displacements in .s and 17 directions respectively
0, V Adherend displacements in s and 17 directions respectively
v Dilatational strain
A, G Lame constants
tf Poisson's ratio of adherend material
va Poisson's ratio of adhesive material
p Normal adherend strain with respect to ij axis
£ Normal displacement of adhesive relative to center plane
£( Adherend normal strain with respect to x, y, z axes
Ei Adhesive normal strain
0 Scarf joint angle
CT( Normal adhesive stress in the ith direction
<7( Average adhesive normal stress in the /th direction
%j Adherend shear strain in the ij direction
ytj Adhesive shear strain in the ij direction
*y/ Adhesive shear stress in the ij direction
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